The galaxy bispectrum is affected on equality scales and above by relativistic observational effects, at linear and nonlinear order. These lightcone effects include local contributions from Doppler and gravitational potential terms, as well as integrated contributions like lensing, together with all the couplings at nonlinear order. We recently presented the correction to the galaxy bispectrum from all local lightcone effects up to second order in perturbations, using a plane-parallel approximation. Here we update our previous result by including the effects from relativistic nonlinear dynamical evolution. We show that these dynamical effects make a significant contribution to the projection effects.
(see Paper II [14] for the full expression):
+ very many terms quadratic in first-order quantities,
where ∆ (2) g (z, n) is the second-order number count contrast at observed redshift z and in the observed direction n. The gravitational potentials Φ, Ψ in the perturbed metric and the peculiar velocity potential v are defined in Appendix A. Here ∂ = n i ∂ i is the line of sight derivative, the conformal Hubble rate is H = (ln a) , where a prime denotes the conformal time derivative, and χ is the line-of-sight comoving distance. The astrophysical quantities b e and Q are the evolution bias and magnification bias of the galaxy distribution, defined in Appendix A.
We first consider the intrinsic second-order number contrast δ (2) g , which is related to the matter density contrast via a galaxy bias model. In Paper II [14] we presented a careful treatment of galaxy bias that is relativistic, i.e., gauge-independent and hence consistent on ultra-large scales. In order to achieve this, we used the simplest possible model of galaxy bias on sub-Hubble scales, i.e. the Eulerian local-in-mass-density model [19] . Even for this simple model, the gauge-independent extension to general relativity is highly non-trivial. It leads to a complicated expression for the Poisson-gauge number contrast in terms of the density contrast δ T in the total-matter gauge [14] . (Note that T gauge corresponds to an Eulerian frame.) The expression that we derived in Paper II is of the form:
(1) T 2 + (3 − b e )Hv (2) + many terms quadratic in first-order quantities,
where b 1 , b 2 are the Eulerian bias coefficients. In (2) , the term (3 − b e )Hv (2) and the quadratic terms keep the bias relation gauge-independent, i.e. consistent with GR. (See Paper II [14] for details, and for the full expressions.)
In Papers I and II [13, 14] , we focused on the relativistic local projection effects, and for simplicity we used the standard Newtonian approximations to compute the nonlinear dynamical evolution of the potentials [20] :
where f is the growth rate of matter perturbations, defined in (22) below, the kernels F 2 , G 2 are derived in Appendix A, and
To begin, we deal with a critical subtlety involving the dark matter density contrast δ
T , which has a relativistic correction δ
T ] 2 from the field equations (see [21] ). In the bias relation (2), it is implicit that δ
T is smoothed on a fixed physical scale R corresponding to fixed-mass halo formation:
+ terms to enforce gauge-independence.
If the primordial metric perturbation is Gaussian, then the small-scale density at a fixed local physical scale is independent of the long-wavelength mode δ
T GR :
For the local observer at the galaxy, the long mode has no effect. (See [22] [23] [24] for detailed arguments.) Therefore δ
T GR only affects the dark matter bispectrum, but not the galaxy bispectrum, and we do not need it for the relativistic dynamical corrections. We emphasize that this is a relativistic requirement -the long mode δ
T GR cannot enter the bias relation if we are to retain coordinate invariance in the local patch.
However we do need the relativistic corrections to the velocity and gravitational potentials. These horizon-scale corrections from the field equations are of order (
T ] 2 , as shown in (16)- (18) below. In the following sections, we calculate the relativistic dynamical corrections to the second-order velocity and gravitational potentials, present the updated kernel for the galaxy bispectrum, and compute the changes to the galaxy bispectrum introduced by the dynamical corrections.
II. RELATIVISTIC DYNAMICAL CORRECTIONS TO THE BISPECTRUM KERNEL
In Fourier space, the observed galaxy bispectrum B g at fixed redshift is given by
From now on we will suppress the redshift dependence for brevity. At second order, the only combinations of terms that contribute at tree level are
and using Wick's theorem, this leads to [14] 
where P is the power spectrum of δ
T . The first-order kernel has Newtonian and relativistic parts [10] :
where the coefficients γ a (z) are given in Appendix A. Since the observed direction n is fixed, we are necessarily assuming a plane-parallel approximation.
The standard Newtonian part of the second-order kernel is [25, 26] 
where µ a =k a · n. The G 2 term is the second-order Kaiser RSD term, and the terms in the second line are other nonlinear RSD contributions. The relativistic part of the kernel is derived in Paper II [14] :
where the Γ I (z) are given in [14] . They are ordered according to the powers of H/k, starting with the O(H 4 /k 4 ) term and ending with the O(H/k) terms.
Equation (15) was derived in Paper II using the standard expressions (4)- (6) for the potentials. These Newtonian forms need to be corrected by the full relativistic expressions,
GR and similarly for Φ (2) and Ψ (2) . For ΛCDM and Gaussian initial conditions, the relativistic parts, in real space and Poisson gauge, are [21] :
Here
where g in is the initial value in the matter-dominated era, 0 denotes redshift z = 0 and a 0 = D 0 = g 0 = 1. Now we simplify (16)- (18) using (19)- (22):
The matter density contrast is given by
Together with (20) and (21), this leads to the Fourier transforms:
Then (23)- (25) become
Here we have defined a new kernel function, which scales as k 0 , like F 2 and G 2 :
For the time derivative of (31), we find that
From (29)- (33), it follows that:
• The potential terms proportional to v (2) , Φ (2) , Ψ (2) and Ψ (2) in (1) and (2), lead to relativistic corrections proportional to v
GR and Ψ (2) GR , which sum up to a term of the form
2 .
• For the Doppler term in (1), proportional to ∂ v (2) , the relativistic correction ∂ v
GR leads to a term of the form
• For the second-order Kaiser term in (1)
GR is of the form
Therefore the relativistic dynamical correction to the Paper II kernel (15) is determined by 6 new coefficients α I , and contains terms of order (H/k) n , n = 2, 3, 4. The revised GR kernel with the relativistic dynamical corrections is given by
The new redshift-dependent functions α I are given in Appendix B. Equation (34) shows that α 1 is actually a correction to Γ 1 , whereas the remaining α I are new coefficients. This means that the revised GR kernel has a total of 14 + 6 − 1 = 19 independent coefficients, which we re-label as follows:
(The β I should not be confused with the RSD parameter β = f /b 1 .) Using this re-labelling, the revised kernel (34) is rewritten as:
For convenience, we give in Appendix C the explicit forms for all the β I , which replace the Γ I of Paper II.
III. COMPUTING THE GALAXY BISPECTRUM
In order to illustrate quantitatively the impact of the relativistic dynamical corrections on the projection effects presented in Paper II [14] , we follow Paper II and consider the monopole of the galaxy bispectrum. Much of the recent literature, including work on the bispectrum of the BOSS survey [27, 28] , also uses the monopole of the galaxy bispectrum. As shown in Paper II [14] , B g (k 1 , k 2 , k 3 ) can be written as a function of the magnitudes of the three mode vectors, together with µ 1 and φ (the azimuthal angle around the the line of sight), and then expanded in spherical harmonics:
(This can be compared to the Legendre multipole expansion of the galaxy power spectrum.) The monopole that we consider here is B 0 g ≡ B 00
g . The plane-parallel assumption also affects the monopole, which requires wide-angle corrections. In the Newtonian case, approximate corrections have been applied to the power spectrum (e.g. [29, 30] ) and bispectrum (e.g., [31] ). In the relativistic case, the full corrections have been explicitly identified in the two-point correlation function by [32, 33] . In principle it is known how to include wide-angle effects in the relativistic galaxy three-point correlation function, but in practice this is very challenging, and has not yet been computed. Results from the two-point correlation function indicate that the plane-parallel approximation breaks down at constant z when the angular separation is > O(10 • ) [32, 33] . At z ∼ 1 this corresponds to transverse separations k < O(10
). This should be kept in mind when considering the plots.
In order to compare directly with the numerical results of Paper II, we consider the same mildly squeezed configuration, with
and we choose the same cosmological parameters (from Planck 2015) and the same astrophysical parameters:
Note that the vanishing of b e and Q is not physically realistic, but this does not affect our main aim, which is the comparative assessment of the relativistic dynamical corrections to Paper II. We start by looking at the effect of the relativistic dynamical corrections on their own, i.e., only the relativistic dynamical corrections from (29)-(33) are included, which means only the α I terms in (34) , neglecting the relativistic local projection effects of Paper II (from the Γ I terms). Figure 1 shows that the dynamical contributions from the α I terms, which are of order (H/k) n , n = 2, 3, 4, modify the Newtonian approximation significantly from around the equality scale and above, k 0.01 Mpc −1 . The dynamical corrections are qualitatively similar to the projection effects of Paper II.
In order to quantify the dynamical contribution, we compare the results of Paper II [14] [i.e. only the Γ I terms in (34)], and full result of this paper, from (36), i.e. including relativistic dynamical corrections. The plots of Fig. 2 (upper panels) compare, for the same redshifts z = 0.5, 1, 1.5 as Fig. 1 , the monopole from Paper II and from this paper. The lower panel shows the percentage difference in the relativistic monopole from including the dynamical effects, for the scales 10 −3 < k < 10 −1 Mpc −1 . It is clearly necessary to include the relativistic dynamical corrections to the projection effects. Figure 3 shows the redshift evolution of the monopole at k = 0.01 Mpc −1 , i.e. approximately the equality scale, out to redshift z = 3, comparing Paper II with this paper.
Finally, we compute the monopole for other configurations, and show the results via a two-dimensional intensity plot in the (k 2 /k 1 , k 3 /k 1 ) plane, where k 1 = 0.01 Mpc −1 . To avoid redundancy, we impose k 1 ≥ k 2 ≥ k 3 . In Fig. 4 , we compare the Newtonian approximation (left panels) with the relativistic bispectrum of this paper (middle panels), at 3 redshifts. The percentage difference between the two is shown in the right panels.
IV. CONCLUSION
We extended the results of our previous Paper II [14] , in which we calculated the local relativistic lightcone projection effects on the observed galaxy bispectrum, but used the standard Newtonian approximation to compute the contributions of second-order gravitational and velocity potentials. There are second-order relativistic corrections from the field equations to these potentials. We computed these dynamical corrections in Fourier space and then derived the ensuing correction to the key second-order kernel of the galaxy bispectrum, which we gave in (36), together with Appendix C, which gives the coefficients of the updated kernel.
We used the revised kernel to compute the galaxy bispectrum monopole in some important cases, starting with a mildly squeezed configuration. Figure 1 shows the effect of the relativistic dynamical corrections on their own, i.e., with only the relativistic dynamical corrections from the α I terms in (34) , excluding the relativistic local projection effects of Paper II. The dynamical corrections are qualitatively similar to the projection effects of Paper II; in both cases the bispectrum grows on super-equality scales, so that the Gaussian relativistic bispectrum mimics the effect of primordial non-Gaussianity on the Newtonian bispectrum. This suggests that it is indeed important to include the dynamical corrections. Figure 2 compares the monopole from Paper II [only the Γ I terms in (34)] and from this paper, using (36). The percentage difference in the relativistic monopole from including the dynamical effects is significant on super-equality scales (in the lower panel we used a cut-off k > 10 −3 Mpc −1 to avoid large wide-angle corrections). We showed in Fig. 3 the evolution of the monopole at k = 0.01 Mpc −1 , up to redshift z = 3, comparing this paper with Paper II. At low z, the dynamical effects make a sub-percent contribution, but this increases at higher z to ∼ 10%.
In order to consider other configurations, in Fig. 4 we generated a colour intensity map on the wedge k 1 ≥ k 2 ≥ k 3 in the (k 2 /k 1 , k 3 /k 1 ) plane, with k 1 = 0.01 Mpc −1 . This map shows the difference between the full relativistic local bispectrum of (36), and the Newtonian bispectrum. As expected, the difference is greatest near the squeezed limit.
This work is part of a series of papers on the observed galaxy bispectrum, starting with the simplest cases and building towards the general case. We have not yet included:
• primordial non-Gaussianity;
• tidal stress in the galaxy bias;
• the second-order effect of the radiation era on initial conditions for sub-equality modes;
• integrated contributions to the projection effects, wide-angle correlations and radial (cross-bin) correlations.
The last point involves the highest degree of technical complexity, requiring an angular bispectrum or threepoint correlation function analysis on the past lightcone. The first two points are non-trivial: deriving a relativistic generalisation of the simplest sub-Hubble model of bias (Gaussian and local-in-mass-density, as used in Paper II and this paper) is not easy, and including tidal stress and primordial non-Gaussianity is a significantly more difficult unsolved problem. The third point requires the use of a second-order Einstein-Boltzmann code, as in [34] .
Future papers will address these points.
where F is a second-order growth factor, given by the growing mode solution of [21] 
These results agree with [20] . In an Einstein-de Sitter background, F = 3D 2 /7 -and this is a very good approximation in ΛCDM.
